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ABSTRACT: Förster-type nonradiative energy transfer
(NRET) provides us with the ability to transfer excitation
energy between proximal nanostructures with high efficiency
under certain conditions. Nevertheless, the well-known Förster
theory was developed for the case of a single donor (e.g., a
molecule, a dye) together with single acceptor. There is no
complete understanding for the cases when the donors and the
acceptors are assembled in nanostructure arrays, though there
are special cases previously studied. Thus, a comprehensive
theory that models Förster-type NRET for assembled
nanostructure arrays is required. Here, we report a theoretical framework of generalized theory for the Förster-type NRET
with mixed dimensionality in arrays. These include combinations of arrayed nanostructures made of nanoparticles (NPs) and
nanowires (NWs) assemblies in one-dimension (1D), two-dimension (2D), and three-dimension (3D) completing the
framework for the transfer rates in all possible combinations of different confinement geometries and assembly architectures, we
obtain a unified picture of NRET in assembled nanostructures arrays. We find that the generic NRET distance dependence is
modified by arraying the nanostructures. For an acceptor NP the rate distance dependence changes from γ ∝ d−6 to γ ∝ d−5 when
they are arranged in a 1D stack, and to γ ∝ d−4 when in a 2D array, and to γ ∝ d−3 when in a 3D array. Likewise, an acceptor NW
changes its distance dependence from γ ∝ d−5 to γ ∝ d−4 when they are arranged in a 1D array and to γ ∝ d−3 when in a 2D array.
These finding shows that the numbers of dimensions across which nanostructures are stacked is equally critical as the
confinement dimension of the nanostructure in determining the NRET kinetics.

I. INTRODUCTION

Modern nanotechnology allows for the fabrication of super-
structures composed of nanoparticles and nanowires as building
blocks.1−9 Each element of the nanostructure contributes to the
overall structure with their distinctive properties resulting from
quantum confinement and interactions between them, which
enhances optical properties for the structure. The Förster-type
nonradiative energy transfer (NRET) is an important mecha-
nism for strong coupling between elements (the donor and the
acceptor) based on the Coulomb (dipole−dipole) interac-
tion.10,11 NRET can be an efficient mechanism to couple
optically excited nanostructures.12−15 The energy transfer
between the elements that results from the Coulombic
interaction can be seen by the exciton flow from the donor
(D) to the acceptor (A) (D → A).16−20 Excitons play an
important role in optical devices. They can be used for storage
reservoir of light energy. This makes semiconductor nano-
particles and nanowires attractive for solar cell applications,21,22

lasers,23,24 photodetectors,25,26 and LEDs27 as well as device
interconnects.28−31 Thus, understanding NRET in these

nanostructures is crucial for high efficiency light generation
and harvesting.
In this article, we present the theoretical framework of

generalized Förster-type NRET between one-dimensional (1D)
or two-dimensional (2D) assemblies of nanostructures made of
nanoparticles (NPs) and nanowires (NWs). The change on
NRET mechanism with respect to the donor vs the acceptor is
investigated, paying particular attention to the functional
distance dependence of the transfer rate. In this work, we
considered the combinations of X→ 1D assembly of NPs, X→
2D assembly of NPs, X → 3D assembly of NPs, X → 1D
assembly of NWs, and X → 2D assembly of NWs where X is a
NP, NW, or quantum well (QW) because of their practical
applications as stated earlier. Furthermore, we obtained a
complete set of analytical expressions in the long distance
approximation for all above-mentioned cases; and then, derived
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generic expressions for the dimensionality involved giving a
complete picture and unified understanding of NRET for
nanostructure assemblies.

II. THEORETICAL FORMALISM FOR FÖRSTER-TYPE
NONRADIATIVE ENERGY TRANSFER

In this section, we study the energy transfer process from a single
nanostructure (NP, NW, or QW) to assemblies of NPs and
NWs. More specifically, we investigate the following cases: (1)
NP → 1D NP assembly (linear chain); (2) NP → 2D NP
assembly (NPs layer or plane); (3) NP→ 3D NP assembly ; (4)
NP→ 1D NW assembly (plane);( 5) NP→ 2D NW assembly;
(6) NW→ 1D NP assembly; (7) NW→ 2D NP assembly; (8)
NW → 3D NP assembly;( 9) NW → 1D NW assembly; (10)
NW → 2D NW assembly; (11) QW → 1D NP assembly; (12)
QW → 2D NP assembly; (13) QW → 3D NP assembly; (14)
QW → 1D NW assembly; and (15) QW → 2D NW assembly.
For all cases, an analytical expression for the long distance
approximation is given. In addition, at the beginning of this
section, the macroscopic approach to the problem of dipole−
dipole energy transfer is outlined.
The Fermi’s Golden rule gives the probability for an exciton to

be transferred from a donor to an acceptor (eq 1).
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where |iexc;0exc⟩ is the initial state with an exciton in the donor and
zero exciton in the acceptor; |fexc;0exc⟩ is the final state with an
exciton in the acceptor and zero exciton in the donor; V̂int is the
exciton Coulomb interaction operator; and ℏωexc is the energy of
the exciton. As described elsewhere,19,32,33 this expression can be
simplified into
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where the integration is taken over the acceptor volume, εA(ω) is
the acceptor’s dielectric function, and Ein(r) is the effective
electric field created by an exciton at the donor side. Here, the

electric field is given by E(r) = −∇Φ(r), and the electric
potential Φ(r) is
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where edexc is the exciton dipole moment and εeffD is the donor’s
effective dielectric constant, which depends on the geometry and
the exciton dipole direction, α = x, y, z. Table S1 provides a
summary for the donor dielectric constant as calculated for a
single donor in ref 34 in the Supporting Information.
At room temperature, the average NRET rate is calculated as

γ
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where γα,trans is the energy transfer rate for the α-exciton (α = x, y,
z). In the following subsection, the results obtained in ref 34 are
used to derive expression for the assembly cases.

A. Nanoparticle, Nanowire, or Quantum Well → 1D
Nanoparticle Assembly Energy Transfer Rates.The NRET
rate analytical equations, in the long distance approximation,
when the donor is a NP, a NW, or a QW and the acceptor is a 1D
NP assembly (linear chain) (Figure 1) are derived. Under the
assumption that the donor size is smaller than the separation
distance between the D−A pair and using the long distance
approximation, the energy transfer rate γα,i from the donor and
the ith NP in the 1D NP assembly (chain) is given by
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where bα = 1/3, 1/3, 4/3 for α = x, y, z, respectively; edexc is the
exciton dipole moment; εeffD is the effective dielectric constant for
the exciton in the donor given in Table S1 (see Supporting
Information); ε0 is the medium dielectric constant; RNPA and
εNPA are the acceptor NP radius and dielectric function,
respectively; and r is the distance between the donor and linear

Figure 1. Schematic for the energy transfer of (a) NP→ 1DNP assembly, (b) NW→ 1DNP assembly, and( c) QW→ 1DNP assembly. Orange arrows
show the energy transfer direction. Yellow circles represent an exciton in the α-direction. d is the separation distance. θ0 is the azimuthal angle between d
and r. α is the angle between NW axis and the NP array axis.
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NP chain (Figure 1). The total transfer from the donor to all
acceptor NP in the chain is
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if the separation between NP is small and a linear density of
particle λNP is defined, then eq 6 can be written as
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After integration, the expression boils down to
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where d is the distance between the donor and linear NP chain
and cD is a constant, which depends on the donor geometry; cD =
1, cos(θ0) for NP and QW, respectively, and (1 + tan2 θ0 sin

2

α)−1/2 for a NW. θ0 is the angle between r and d as show in Figure
1b,c. α is the angle between NW axis and the NP array axis
(Figure 1b). Note that the energy transfer rate distance
dependency changes from γ ∝ d−6 to γ ∝ d−5. Furthermore,
the NRET rate (eq 8) strongly depends on the angle or angles
when the donor is a QW or NW, respectively.
B. Nanoparticle, Nanowire, or Quantum Well → 2D

Nanoparticle Assembly Energy Transfer Rates.We present
a simplified expression for NRET rate in the long distance
approximation when the donor is a NP, a NW, or a QW and the
acceptor is a 2D NP assembly (plane) (Figure 2). Under the
same assumptions as the previous case, the energy transfer from a

donor NP to the i,jth acceptor NP in a 2D assembly can be
written as
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Thus, the total transfer rate is given by
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Assuming the separation between acceptor NP is small and a
surface density of particle σNP, eq 10 reduces to
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The final equation for the transfer rate is
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For this case, the energy transfer rate distance dependency
changes from γ ∝ d−6 to γ ∝ d−4. This result is consistent with a
previous study in refs 35−37.

C. Nanoparticle, Nanowire, or Quantum Well → 3D
Nanoparticle Assembly Energy Transfer Rates.The NRET
rate expression in the long distance approximation when the
donor is a NP, a NW, or a QW and the acceptor is a 3D NP
assembly is obtained (Figure 3). In the same spirit to the previous

Figure 2. Schematic for the energy transfer of (a) NP→ 2DNP assembly, (b) NW→ 2DNP assembly, and (c) QW→ 2DNP assembly. Orange arrows
denote the energy transfer direction. Yellow circles represent an exciton in the α-direction. d is the separation distance. θ0 is the azimuthal angle between
d and r.
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cases, the energy transfer from a donor NP to the i, j, kth acceptor
NP in a 3D assembly is
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Thus, the total transfer rate is given by
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Assuming the separation between acceptor NP is small and a
volume density of particle ρNP, eq 10 reduces to
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The final equation for the transfer rate is
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For this case, the NRET rate distance dependency changes from
γ ∝ d−6 to γ ∝ d−3 similar to the bulk case.

Figure 3. Schematic for the energy transfer of (a) NP→ 3DNP assembly, (b) NW→ 3DNP assembly, and (c) QW→ 3DNP assembly. Orange arrows
denote the energy transfer direction. Yellow circles represent an exciton in the α-direction. d is the separation distance. θ0 is the azimuthal angle between
d and r.

Figure 4. Schematic for the energy transfer of (a) NP→ 1D NW assembly, (b) NW→ 1D NW assembly, and (c) QW→ 1D NW assembly. Orange
arrows show the energy transfer direction. Yellow circles represent an exciton in the α-direction. d is the separation distance. θ0 is the azimuthal angle
between d and r.
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D. Nanoparticle, Nanowire, or Quantum Well → 1D
Nanowire Assembly Energy Transfer Rates. We derive
simplified expressions for NRET rate in the long distance
approximation when the donor is a NP, a NW, or a QW and the
acceptor is a 1D NW assembly (Figure 4). In the same way as in
the cases above, we consider the energy transfer rate between the
donor and the 1D assembly of NWs. In this case, the transfer rate
to the ith NW is
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where aα = 0, 9/16, 15/16 and bα = 0, 15/16, 41/16 for α = x, y, z,
respectively; εeffD is the effective dielectric constant for the

exciton in the donor NP given in Table S1, Supporting
Information; RNWA is the acceptor NW radius; and d is the
distance between the donor and NW assembly (Figure 4). The
total transfer from the donor to all acceptor NWs in the chain is
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Under the assumption that the NWs are close to each other with
a linear density λNW,
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The final result is
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It is observed that when the NWs are assembled with high
density, the transfer rate distance dependency changes from d−5

to d−4. A similar result can be found in ref 38 for the case of NW
→ 1D NW array.

E. Nanoparticle, Nanowire, or Quantum Well → 2D
Nanowire Assembly Energy Transfer Rates. The NRET
rate expression in the long distance approximation when the
donor is a NP, a NW, or a QW and the acceptor is a 2D NW
assembly is derived (Figure 5). Similarly, we consider the energy
transfer rate between the donor and the 2D assembly of NWs. In
this case, the transfer rate to the i,jth NW is
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The total transfer from the donor to all acceptor NWs in the array
is

Figure 5. Schematic for the energy transfer of (a) NP→ 2D NW assembly, (b) NW→ 2D NW assembly, and (c) QW→ 2D NW assembly. Orange
arrows show the energy transfer direction. Yellow circles represent an exciton in the α-direction. d is the separation distance. θ0 is the azimuthal angle
between d and r.
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Under the assumption that the NWs are close to each other with
a surface density σNW,
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The final result is
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It worth mentioning that when the NWs are assembled with high
density 2D array, the transfer rate distance dependency changes
from d−5 to d−3. This result resembles the bulk case.
Table 1 summarizes the energy transfer rates in the long

distance and dipole approximation for all combinations and all
possible arrayed architectures presented in this work. Table 1
also illustrates the NRET rate generic distance dependence with
equivalent cases in term of d dependence. In all cases, the
acceptor geometry and array architecture gives the NRET rate
distance dependency, for example, when the acceptor is (1) an

Table 1. Nonradiative Energy Transfer Generic Distance Dependencea

aGeneric distance dependency for the NRET rates, with equivalent cases of arrayed nanostructures in term of d dependence.

Figure 6. Energy transfer rate, in the long distance approximation, for a CdTe (a) 1DNP and (b) 1DNWarray. Red, green, and blue lines correspond to
a NP, a NW, and a QW as a donor, respectively. The linear density of NP and NW was taken as 108 NPs/m and 7 × 107 NWs/m, respectively.
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1DNP assembly, γ∝ d−5 (eq 8); (2) an 2DNP assembly, γ∝ d−4

(eq 12); and (3) a 1D NW assembly, γ ∝ d−4 (eq 20). This
suggests the NRET distance dependency is independent of the
donor dimensionality (NP, NW, andQW); however, as shown in
the above equations, the geometry of the donor only affects the
effective dielectric constant. These new results corroborate with
the results obtained in ref 34. Hence, we infer that the functional
distance dependency of the NRET rate is ruled by the degree of
confinement of the acceptor nanostructure and its array
dimensions; whereas the confinement of the donor modifies
the effective dielectric constant. Figure 6 illustrates the transfer
rate, in the long distance approximation, for two particular cases.
The linear density of NP and NWwas taken as 108 NPs/m and 7
× 107 NWs/m, respectively. Figure 6a shows the transfer rates
from a NP, a NW, or a QW to a 1D NP array. In this, the transfer
rates are in the range of ns−1, which is typical for CdTe NP.
However, the difference is that the transfer rate follows d−5

distance dependence compared to d−6 for a single NP. Similarly,
Figure 6b shows the transfer rates from aNP, a NW, or a QW to a
1D NW array. Here, the transfer rate follows d−4 distance
dependence compared to d−5 for a single NW. It is worth
mentioning that the expression derived in this work holds for the
case of metal nanostructures as the acceptor. However, in this
case, the transfer rate will be larger compared to the
semiconductor case because of the high absorption of the
metallic structures, especially in the regime of plasmonic
resonance, λexciton ≈ λplasmon. This behavior is explicit on the
imaginary part of the dielectric constants in all our expressions.
To finish this work, we briefly list the limitations of our

approach. (a) Equation 3, which computes the induced electric
fields inside a nanostructure, applies when simplified wave
functions for the exciton is used, i.e., we neglect the mixing
between heavy- and light-hole states. However, in general, the
heavy- and light-holes are mixed in the valence band giving to the
exciton wave function a complex form. (b) Our model is based
on the local dielectric constant and becomes less effective for very
small nanostructures because of the additional trap surface states
for exciton created at the surface. (c) The expressions obtained
here are based on the long distance approximation, i.e., when the
separation distance between the donor and the acceptor is much
larger than the donor and the acceptor size. In the case where the
long distance approximation failed, the transfer rate should
follow the dipole-to-surface transfer rate.39

III. CONCLUSIONS
In this work, we present a complete picture and unified
understanding of the nonradiative energy transfer in assembled
nanostructures arrays. The analytical expressions for the energy
transfer rate in the long distance approximation were obtained.
Our findings show that, while the acceptor quantum confinement
dimension sets the generic NRET distance dependence and the
donor geometry dimension modifies the dielectric function, this
generic distance dependence can be remodified by arraying
(stacking) the nanostructures. For example, the rate distance
dependence for an acceptor NP changes from γ ∝ d−6 to γ ∝ d−5

when the NP is arranged in a 1D stack, which is equivalent to the
single NW case. Similarly, the NRET distance dependence for an
acceptor NW changes from γ ∝ d−5 to γ ∝ d−3 when they are
arranged in a 2D array, equivalent to the bulk case. Therefore, the
functional distance dependency of the NRET rate is determined
by the quantum confinement as well as array stacking
dimensionality of the acceptor. The NRET results obtained in
this work can be used to design and optimize new solid-state

devices for high efficiency light generation and harvesting. The
formalism developed here is convenient to estimate the NRET
rates in experimental studies involving assembled nanostructure
arrays.
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